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Abstract 

The variational principle for a thin dust shell in General Relativity is con- 
structed. The principle is compatible with the boundary- value problem of the 
corresponding Euler-Lagrange equations, and leads to "natural boundary con- 
ditions" on the shell. These conditions and the gravitational field equations 
which follow from an initial variational principle, are used for elimination of 
the gravitational degrees of freedom. The transformation of the variational 
formula for spherically-symmetric systems leads to two natural variants of the 
effective action. One of these variants describes the shell from a stationary 
interior observer's point of view, another from the exterior one. The condi- 
tions of isometry of the exterior and interior faces of the shell lead to the 
momentum and Hamiltonian constraints. The canonical equivalence of the 
mentioned systems is shown in the extended phase space. Some particular 
cases are considered. 
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I. INTRODUCTION 



A thin spherically-symmetric dust shell is among the simplest popular models of collaps- 
ing gravitating configurations. The equations of motion of these objects are obtained in [|l|, 
. The construction of a variational principle for such systems was discussed from different 
points of view in Q]- 0. There are a number of problems here, most basic of which is the 
dependence on the choice of the evolution parameter (internal, external, proper). The choice 
of time coordinate, in turn, affects the choice of a particular quantization scheme, leading, 
in general, to quantum theories which are not unitarily equivalent. 

In most of these papers the variational principle for shells is usually constructed in 
a comoving frame of reference, or in one of variants of freely falling frames of reference. 
However, use of such frames of reference frequently leads to effects unrelated to the object 
under consideration. The essential physics involves a picture of a gravitational collapse from 
the point of view of an infinitely remote stationary observer. In quantum theory this point 
of view enables us to treat bound states in terms of asymptotic quantities and to build the 
relevant scattering theory correctly. On the other hand, to treat primordial black holes in the 
theory of self-gravitating shells it is convenient to take the viewpoint of a central stationary 
observer. In the approach related to proper time of the shell reduction of the system leads 
to complicated Lagrangians and Hamiltonians which creates difficulties on quantization. In 
particular it leads to theories with higher derivatives or to finite difference equations. 

In our opinion, the choice of the exterior or interior stationary observers is most natural 
and corresponds to the real physics. To provide the necessary properties of invariance, 
specification of the canonical transformations in an extended phase space which translate 
the corresponding dynamical systems into one another enough. In addition the action for a 
shell should satisfy some natural requirements. In the absence of self-forces it should pass 
into the action for a geodesic motion. Further, according to the correspondence principle, 
at small velocities and masses of the shell, and also in the absence of other sources of the 
gravitational field, we should obtain the action for a self-gravitating Newtonian shell (see 
Appendix C). 

The natural Hamiltonian formulation of a self-gravitating shell was considered in works 
P], 1^. However this formulation was not obtained by a variational procedure from some 
initial action containing the standard Einstein-Hilbert term. The action for such a self- 
gravitating spherical shell of mass m can be introduced with the help of a naive "relativiza- 
tion" of the Newtonian action. It is carried out by simple replacement of the kinetic energy 
by the relativistic expression —mc^ (1 — f^/c^) (see below Lagrangians ( pi7| ) and 
( [4.3| )). If there is an exterior gravitational field then the kinetic and potential energy of the 
shell have as their general relativistic analog the geodesic Lagrangian —mc ^'^^ds±/dt±. The 
subsigns "±" correspond to exterior and interior observers. The gravitational self-action of 
the shell is the same for all cases, and its sign depends on whether stationary observer can 
exist inside and outside the shell. 

The above Hamiltonian formulation for the shell, as well as the procedure of "relativiza- 
tion" follows from the Lagrange formalism of dust shells constructed in the present paper. 
We view the system as a compound configuration consisting of two vacuum regions with a 
spatially-closed boundary surface formed by the shell. The initial action we take as the sum 
of actions of York type for either region and the action for dust matter. For the complete 
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action introduced in this way the variational principle is compatible with the boundary- value 
problem of the corresponding Euler-Lagrange equations for either region of the configuration, 
and leads to "natural boundary conditions" on the shell. The missing boundary conditions 
are obtained by consideration of the variations with respect to normal displacements of the 
shell. The obtained conditions coincide with the known Israel matching conditions at sin- 
gular hypersurfaces and are considered as constraints. Together with the equations of the 
gravitational field they are used to eliminate of the gravitational degrees of freedom. The 
tangential variations of thus-obtained action with constraints lead to the known equations 
of motion of the Israel |T|]. 

The problem of the complete reduction of the action is solved for spherically-symmetric 
systems. By transforming the variational formula and using the constraints the obtained 
action is reduced to two variants of the effective action. One of these variants describes the 
shell from an interior stationary observer's point of view, and the other from the exterior one. 
Then we go over from the Lagrangian to the Hamiltonian description. The conditions of 
isometry of the exterior and interior sides of the shell lead to the momentum and Hamiltonian 
constraints. The canonical equivalence of these two variants of the description of the shells 
in the extended phase space indicates the existence of a "discrete gauge" transformation 
associated with the transition from the interior observer to the exterior one. 

The paper is organized as follows. In Sec. II the full action is constructed for a compound, 
piecewise smooth Lorentz manifold with a four- dimensional spatially-closed boundary sur- 
face between two vacuum regions, corresponding to the world sheet of the shell. From here 
the Einstein equations for regions outside the shell and surface equations follow. Further, 
the action for the shell and the equations of motion are constructed. 

In Sec. Ill spherically-symmetric relativistic dust shells are considered. The Lagrangians 
and Hamiltonians describing the shell from the point of view of the interior or exterior ob- 
server are obtained. Then momentum and Hamiltonian constraints are found. They emerge 
from independent consideration of the interior and exterior faces of the shell using the con- 
ditions of isometry of its two faces. In Sec.IY special cases of dust shells and configurations 
of several shells are briefly considered. 

In Appendix A it is shown that the surface equations, obtained in Sec. II, reduce to the 
known equations for jumps of the extrinsic curvature tensor of the shell. In Appendix B we 
show the canonical equivalence of the actions for the dust spherically-symmetric shell written 
relative to the interior and exterior observers. This equivalence is thought of as operating 
in the extended phase space of the corresponding dynamical system. In Appendix C the 
action for an arbitrary nonrelativistic gravitating dust shell is constructed. The Lagrangian 
for the spherical gravitating nonrelativistic dust shell is found. It was deemed worthwhile 
to consider the nonrelativistic case because it clarifies the interpretation of the results and 
allows comparisons with the general relativistic approach. 

In this work we consider both relativistic and non-relativistic systems. In this connection, 
we shall keep all the dimensional constants. Here c is the velocity of light, 7 is the gravita- 
tional constant, x = 8717/0^, h is Planck's constant. The metric tensor g^^^ (/i, z/ = 0, 1, 2, 3) 
has the signature (+ — ). 
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II. THE VARIATIONAL PRINCIPLE AND EQUATIONS OF MOTION FOR 

RELATIVISTIC DUST SHELLS 



Consider a time-like spatially-closed hypcrsurface into some region D^^^ of the space- 
time V^^\ Let it be the world sheet of the infinitely thin dust shell with the surface density 
of dust a. This shell divides the region D^^^ into the interior and exterior ones, and ^1^^. 
Introduce the general coordinate map on our compound manifold D^*'^ = ^i^^UEf ^UD^.^^ 
and the metrics g^^^ on so that (/^j, 1^.(3) = 5'^,^ 1^,(3). 

One defines the elements of the four-volume d'^Q on D^^ and three-volume d^Q on E^^^ 
according to the formulas 

d^Q = y/^d^x = ^^dx° A dx^ A dx'^ Adx^, (2.1) 
d^n = -yf^n^'dT.^ = ^f^dT. , (2.2) 

where is the unit normal to Ep'*, directed from D^^^ to D^^^ {n^n'^ = —1, u^n'^ = 0), 
g — det \gfj,u\- Three- forms c^E^ and c^E are determined by the relations 

dxf" A dE^ ^ Sj^d'^x , riAdE = d^x {dE^ = nf,dE), (2.3) 

where "A" denotes the exterior product, and r) — n^dx^ is a normal covector. 

Now let us fix coordinate system so that the coordinates (a = 2, 3) be Lagrange 
coordinates of particles on the shell . Then u^x""^ = n^x'^^ = 0, where is derivative 
with respect to the coordinate Hence it follows u"' = n"' = 0. The equations x"' = const 
determine the world line 7 of some particle of dust on The set {7} = {x", x^ + dx""} 
of the world lines forms the elementary stream tube of dust. On the shell E^^ we shall 
introduce the basis of one-forms 

{e° = a; = u^.dx'' , e'^ = dx"} (a, 6 = 2, 3) (2.4) 

and the dual vector basis 

{eo = u = u''d^, ej, e\ek) = 5i (z,fc = 0,2,3). (2.5) 

In the basis {e*} = {a;, dx"'} the metric tensor and three-form of volume on Ep'* are 

^^^g^u;®u;-qabdx''0dx^, (2.6) 
d^n^ -ojAd^n, d^n ^ ^/qdx'^ A dx^ . (2.7) 

Here "(8)" is the sign of a tensor product, d^fl is the surface element of the area for the 
section which is orthogonal to the elementary stream tube of dust, Oab is the metric on these 
sections, q — det \ qab\- In the neighbourhood of the hypersurface E^ the metric tensor ^^^g 
and four-form of volume d'^D, can be expressed in the form 

^"^^g ^^^^g -n®ri, (2.8) 
d'^Q ^ r] A d^Q = u Arj A d'^Q . (2.9) 

We introduce the two-form of mass on E^^^* by the formula d'^m — ad^fl, then ad^fl — uAd'^m. 
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Now we take the full action of the compound configuration in the form 

r(9) ^ /■ / „ 1 



47 = Ieh-c I + ^ i^l 1 V^dT.^ + /a^(4) + Jo . (2.10) 



It is the functional of the metric g^y, density of the dust a and hypersurface Tip: J^i = 
4!}{9,.u, (T, Sf^). The first term in the right side of (^) 

Ieh = -y J ^'^Rd'n (2.11) 

is the Einstein-Hilbert action for the regions where ^^-"i? is the curvature scalar. 

The second term in the right side (|2.10| ) contains the matter term cad^Q and matching 
term. The symbol [cj^] = cu^ | + — cj'^ | _ denotes the jump of the quantity 

co'' = g'"'T^^,-g'''K,, (2.12) 
Kp = Ig^'ig.p,. + 9ua,p - 9p.,.) , (2.13) 

on St. The sign "|+" or "|_" indicates the marked values to be calculated as a limiting 
magnitude when approaching the boundary from outside or inside respectively. In Ap- 
pendix A it will be shown, that the relation 

= 2[K] (2.14) 

takes place. Here K = g^^K^^ is the trace of the extrinsic curvature tensor 

K^, = -n^,pK {K = 5P + nPn,), (2.15) 

where ;p is covariant derivative with respect to the coordinate x^. The third term 

c 



hDi^) = Y J ^''V^^^M (2-16) 

contains the surface terms which are introduced to fix the metric on the boundary dD^^^ of 
the region D'^'^\ Note, that the boundary dD^'^^ consists of the pieces of time-like as well 
as space-like hypersurfaces. The last term Iq in ( |2.1CI|) contains the boundary terms on the 
time-like infinitely remote hypersurfaces, necessary for normalization of the action. 
The relation 

^ (^)i? = + iV^ujn,p (2.17) 

takes place, where 

G = (7^^ (r^^r-^ - r^^r^^) (2. is) 

contains only the first derivatives of the metric. Therefore the action ( |2.10| ) can be rewritten 
in a more compact form 
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l[ll = I, + Im + Io, (2.19) 

where 

c f , — _ ,A f ^ 4 



/, = -— / v^Grf^x= / Lgd^x (2.20) 



is the gravitational action of the first order, and 



ad-'n = -c / d'm / u (2.21) 



is the action for the dust. 

The first and the penultimate terms in ( p.lOj ) form the action which can be ascribed to 



that of the York's type Jy = Ieh + Idow ■ 1^ is used in variational problems with the fixed 
metric on the boundary dD^^^ of the region DW. It can also be used in variational problems 
with the general relativistic version of "natural boundary conditions" for "free edge" |ll| . In 



this case the metric on the boundary is arbitrary and the corresponding momenta vanishes. 
Together with Iq it forms the York-Gibbons-Hawking action Iygh = Iy + for a free 
gravitational field. 

In our case of the compound configuration we also fix the metric on boundary dD^^\ 
as it was done in variational problem for action Jy. In addition, inside the system there 
is the boundary surface , with singular distribution of matter on it. One can interpret 
this configuration as the two vacuum regions with a common "loaded edge" (or with a 
"massive edge"). The sum of the actions of type Jy for these regions and of the action for 
matter Im and normalizing term /q do leads to the action ij:^}. 

If there is no dust, o" = 0, the common boundary is not "loaded". Then, the requirement 
Slf^} = 0, at arbitrary, everywhere continuous variations of the metric, gives generalization 
of the above "natural boundary conditions" for free hypersurface . They coincide with 
the condition of continuity for the extrinsic curvature on i.e., with ordinary matching 
conditions. If the edge, being matched, is "loaded" by some surface distribution of matter, 
then we obtain the corresponding surface equation or the boundary conditions for They 
are the analog of the generalized "natural boundary conditions" for "loaded edges". The 

(3) 

initial action is chosen so, that the surface equations on following from the requirement 
^^tot = 0) coincide with the matching conditions on singular hypersurfaces |l[]. In this 
case, the variational principle for the action will be compatible with the boundary- value 
problem of the corresponding Euler-Lagrange equations |]13[, [|T^. 

Note, that, as a rule, the boundary terms are formulated in terms of the extrinsic curva- 
ture of the corresponding hypersurfaces. For the configuration which contains the boundary 
hypersurface dividing the domain D^^^ into parts and the whole boundary consisting of 
several pieces of edge, initial, and eventual hypersurfaces, it is more convenient to use the 
covariant approach. In order to calculate 6lj:^t we use the complete action in the form ( p. 101 ). 
According to |15| we have 
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(^)r) = ^'^G''^5g,, + (V^n^) , (2.22) 
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where 



n^ = g-''5T':^^-g^''5Tl^, (2.23) 



and (^)G'''^ = ^'^'^R^"'- \ '■'^^Rg'"' is the Einstein tensor. In addition, we shall use the followiner 
conditions: the boundary of the configuration dD^^\ the metric on it, and the normal vector 



are fixed. Then 6dTin\gj-,(4) = 0, Sg^uldDW = 0, Snn\Qp{4) = 0. The hypersurface sl^-* is 



fixed, and the metric and its variations are continuous on : [(7^1/] ^^(3) = 0, [ 6g^u]Y;(3) = 0, 

[n^^j^o) = 0, [(5n/,]^(3) = 0. 

For the variation 6Im according to the formula ( |2.21| ) we have 6Im = —c J d?m J 6uj = 
— c / d'^m J 6uj^. Here, the quantity d'^m is considered as a stationary value at variations of 
the metric |]T6[. The sign " |^" designates restriction of the one- forms on the world line 7 so, 
that 

6lj\^ = 6ds = -u^u^ds 5g^y = —-u^UuUJ\.y 5g^^ . (2.24) 

If all these conditions are satisfied, then from the requirement Slt^ = one obtains the 
vacuum Einstein equations 

i'^^G^" = , VdI^^ (2.25) 

and the surface equations on 

QfMu - - Qg^lu = -xo'Uf.Uu , (2.26) 

where Q = g^^Qf^u, and 

Q.P = - I [n.Kp] + ■ (2-27) 

It is shown in Appendix A that the surface equations ( ^.2(j| ) reduce to the known equations 
for the jump discontinuity of the extrinsic curvature tensor of the hypersurface |]T| 

[K^,] - [K]h^, = -x<yu^u, , (2.28) 
where h^^ = g^^j + n^Uy is the metric on . From the relations ( |2.28| ) it follows 

[K^J\u^'u'' = ~^a, (2.29) 
The missing equation for the average tensor of the extrinsic curvature 

K]^ = \{Kw+K\.) (2-30) 

can be obtained by considering the variations of l[^t with respect to normal displacements 
of the hypersurface . For this purpose we define some one-parameter family of time-like 
hypersurfaces in a neighbourhood of Tlf' so that T!f^ is included in this family. The family 
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induces (3+l)-decomposition of the objects in the neighbourhood of Tj[^\ Thus for the 
four-curvature scalar one has 

^^^R= ^^^R + Ki^K;-K^ + ^={,/^{Kn^'-a^')} ^, (2.31) 
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where = n'^^n" and ^'^'>R is the curvature scalar of hypersurfaces of the family. Substitut- 
ing ( ^.311 ) into ( |2.11| ) and taking into account the relations a^n^ = and ( P^.14D , one obtains 



the action ( |2.10|) in the form 

4oi = ig + Im + IdDW + -^0 , (2.32) 

where 

ig= I Lgd''x = -^ I {^'^R + Ki:K;-K')^d^x (2.33) 

is the gravitational action, containing normal derivatives up to the first order, and Iqdw 
and In contain the boundary terms, which are unessential here. 

Now let every point p G be translated at a coordinate distance 6x^{p) = n'^5\{p) in 
the normal direction. As a result of the displacement one gets a new hypersurface T\ . The 
initial and eventual positions of a shell are fixed, therefore (5A(p) = 0, Vp G Sp'* fl dD^^^ = 
Sp'' nSD^^''. In addition, we fix the metric g^iy and all the quantities on so that 61^ = 0. 

As a result of the displacement of the hypersurface Sp'' , the initial regions L)f ^ and dL^^ 
are transformed into new ones D^^ and D^^\ so that, D^^^ U Sp'' U D^^ = -D^'* U Sp^ U 
D^"* = D^'^K Then, for example, the variation of the region D^^^ can be expressed in the 
form 6D^^^ = D^^\d^_^^ = D^\d^\ The variation of the action ( |2.33D , under the above 
conditions, proves to be equal 

(9) _ XT - f t f f .4 



81111 = 6Ig= J Lg d^x - J Lgd^x^- j [L^ " Lg) d^x . (2.34) 
Here and L~ are Lagrangians defined by the relation (|2.33|) and calculated as a limiting 



(3) 

magnitude when approaching the hypersurface from outside or inside respectively. Un- 

(3) 

der the infinitesimal normal displacement of the hypersurface , the full action is variated 
by the formula 



OJ-tot 



J [l+ - Lg) 6x^dE^ = J[Lg]SXdE. (2.35) 



-.(3) ^(3) 



Hence, from arbitrariness of SX{p) and the requirement 5/^* = 0, one finds 

[L,] = L+g - Lg = [Ki^K; - K'] = 2K^,{[K;] - [K]5^^) = . (2.36) 
Here we considered that [^^^R] = on Sp"*. Then, using (|2.28| ), from (p.36|) we obtain 
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0. 



(2.37) 



The relations (|2.28|) and (p. 371) form the necessary complete set of algebraic conditions 



or constraints for the extrinsic curvature tensor K' 



(3) 



of the hypersurface . 

Now we can eliminate gravitational degrees of freedom in the action and construct 
the action for the shell. For this purpose it is necessary to calculate ll^t on the solutions of 



the vacuum Einstein equations ( p.25| ) taking into account the constraints (|2.28| ) and ( p. 371) . 
Note, first, that on this stage we use explicitly only the following results of these equations: 



(2.38) 



Substituting these relations for the corresponding terms in ( p.lO|) one finds 



T (s) 

'■tot {{equations (2.38)} 



(2.39) 



where 



v.(3) 



s. 



(2) 



(2.40) 



is the reduced action for the dust shell. This action must be considered together with 



constraints ( p.28|) and (p.37|) . The action I^f^ is quite certain if the gravitational fields in 



(3) 

the neighbourhood of are determined as the solutions of the vacuum Einstein equations 
( p.25| ) which satisfy the boundary conditions ( p.28| ) and ( |2.37| ). That is the finding of these 
fields that completes the construction of the action for the shell. At this stage all the 
equations (p.25|) and constraints (|2.28|) , (|2.37|) are already used. 

Note, that one usually comes to the action for the shell in the other form. In our approach 
the action can be obtained at the partial reduction of initial action ij;^}, when the constraint 



in (|2.38|) is not taken into account. As a result we come to the action of the type 



ish 




a - -[K]] LU A d^n . 

X 7 



f2.411 



or to some its modification. In the spherically-symmetric case from here follows the La- 
grangian of the shell in a frame of reference of the comoving observer. However quantity 
[K] contains second derivatives with respect to proper time of the shell. When eliminating 
them, through the integration by parts, one comes to rather complicated Lagrangians and 
Hamiltonians. 

To find the equations of motion for particles of the shell from action J^/j ( p. 40 ) one 



should introduce the independent coordinates x± in each of the regions -D± , and the interior 
coordinates 
the form x'^ = 



k = 0,2, 3) on Let the equations of embedding of E 



(3) 



into D^^ have 



X. 



■ (y*). Then we can write the relations 



(3) 



UJ 



UJ 



^ - u'tdx'^ , 



ds- 



ijj 



Uidy' 



(3) 



UJ 



dy'dy'' = hikdy^dy^ , 
dx±/ds± , 



u 



(2.42) 
(2.43) 
(2.44) 
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Non-gravitational interaction between particles of the dust is absent. Therefore we consider 
quantity (Pm to be unchanged when a flow line is varied. 

First, consider variations Igh with respect to the internal coordinates y*. In this case 
J^uJ = ^^'''^17 = J.y ^^^ds. Then the metric hik{y^) is given on Ep'* and the variation of Ish 
leads to the equations of three-dimensional geodesic on the hypersurface 

ui,,u^ = 0. (2.45) 

Here" -k" denotes the covariant derivative with respect to the coordinate calculated with 
the help of the metric hik- 

The consideration of the variational principle SI^l^ = with respect to the exterior 
coordinates x^. is more interesting treatment. In this case J^uj = up^ = J^'^^ ds± Then the 
metrics gpy{xP) are given in a neighbourhood of the shell. Since the normal variations of 
the shell are already used, it is possible to consider the variations of dynamical quantities, 
generated only by the tangential to Sp'' variations of the coordinates x^. These variations 
of the values will be denoted by the sign 5. Thus, omitting for simplicity signs "±", we have 

dx" = Sx^" + n^'n^dx" = h^Jx" (n^fe'^ = 0, /i^^ = 5^; + n'^n^) , (2.46) 

where 5x^ are arbitrary values. Then we find 



~5uj\^ = S (^)rfs = S^g^^dx'^dx'^ = -u^.^u^'h^^dxP ^^Us + diu^.Sx") . (2.47) 

Supposing that = on Sp"* fl dD^'^\ from the requirement 61^^ = we obtain the 

(s) 

three-dimensional geodesic equations on , but, here, in the four- dimensional form 

Uf,;uU'h'; = . (2.48) 

This equation cab be rewritten as 

Up^uu" = -u^-yU^n^Up . (2.49) 

Hence, using the definition of K^^i, ( p.l5| ) one obtains 

Up-uu" = npUfj^.^u^u" = —UpRp^u^u" . (2.50) 

Here we again introduce signs "±" and use the relations Kp^\^ = Kp^ ± Then, 
taking into account constraints ( |2.29|) and ( p. 371) , we come to the equations of motion for 
the shell's particles with respect to the exterior coordinates 

{up.uu'')^j^ = ±^(Jnp . (2.51) 

For completeness one should add the unused constraints 

[Kp,]u''e^ = , [Kp^Ke'', = ^K, , (2.52) 

where = dx^ /dy"". 

From ( |2.51|) it follows the well-known Israel equations 0] 



10 



n' 



ds 



ds 



+ n 



ds 



ds 



e-^^ 
' ds 

2 ' 



0, 



(2.53) 
(2.54) 



where Du^ = u^-^^dx" is the covariant differential 

The equations of motion of the dust shell ( |2.51| ) can immediately be found from the 
action 1^^. Indeed, acting in the same manner as when deducing the equations of motion 
( ^.51| ), the variational formula ( |2.47| ) can be transformed to the form 



5^'^''ds\^ = —Up-yU^ 5x'^^ ''^''ds\^ =F - {Kpu]u^u'^np5x''ds\^ + d{u^5x^) 



l± 



(2.55) 



or 



Hi 



±^n^5x^''-^'^ds + d{u^5x^')^ . (2.56) 



From here, under the above conditions, the equations of motion follow. 

The proposed variational deducing of the equations of motion makes the problem of 
construction of the effective action for the dust shell free from constrains (|2.28|) and ( p. 371) . 
It turns out that it is possible for some special class of the configurations. To show it, we shall 
choose such interior coordinates y*, which at z = a = 2, 3 are the Lagrange coordinates of 



particles on the shell . In addition, we introduce the coordinates in the regions D'^^' so 
that, when = a = 2, 3 the equalities a;^L(3) = L(3) = are satisfied. These coordinates 



(4) 



are arbitrary in any other respect. Then the formulas of embedding of Sp"* into D""^' have 

(n = 0, 1) or f±[x^,x^) = 0. Therefore we have u± = {u^., u]., 0, 0} 



)(4) 



the form x"^ 



and = {n^ , rii , 0, 0}. Using the conditions {UfiU'^)\± = — (n^n^)|± = 1 and {upn^)i± = 



one finds 



u 



± 1 



nf 



-Mj. . Hence it follows 



n^dx^ds,^ 



{u^6x° - u%x^)ds^^ = {dx^6x^ - dx%x^)^^ 
Therefore the variational formula ( |2.56D has the form 

S^^^dsu - 



5^^^ds ± ^xa(rfa;^5x° - dx^5x^) + d{up5 



x'^ 



(2.57) 



(2.58) 



Now we introduce the vector potential f/„ = Un{x^i x^) by the relation 

d A iUndx"') = Goidx^ A dx^ = -\x<^dx^ A , 



(2.59) 



where Gnm = Um,n — Un,m {n,m = 0,1). Hence it follows that the configurations, being 
considered, admit such motions of matter for which a = cr(a;°, x^). 
Using the definition ( |2.59|) and the relation 



5(f/„dx") - rf(t/„5x") = Gioidx%x^ - dx^Sx^) , 
the variational formula ( p.58| ) can be rewritten in the following form 



(2.60) 
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Suj^ = S = {S{ds T Undx"") + d[{un ± f/„)5a;" + UaSy^]} 



± • 



(2.61) 



Returning to action for the shell ( p.40|) , we conclude, that in the case under consideration 
we have 



SL 



Sit. - . 



c.(2) 



B 



(2.62) 



where 



Ifh = -| / d^rnJidsT Undx""] 



l± 



[n 



0,1: 



(2.63) 



is the effective action for the shell written in terms of the exterior coordinates. Indices A 
and B indicate that the corresponding quantities are taken in initial and final positions of 
the shell. Since at fixed initial and final positions of particles 5y'^\AB = 0, then it follows 
SIsh = 61$,. 

In such away, under the above conditions, the action of the shell ( |2.4CI| ) with the con- 
straints (|2.28| ), (|2.37|) and the action (|2.62|) without these constraints are equivalent. The 
actions and are equivalent in the same sense. Let us note, that in the considered 
above independent treatment of the interior and exterior faces of the shell there are new 
constraints following from isometry conditions of these faces. 



III. EFFECTIVE ACTION FOR THE SPHERICAL DUST SHELL 

Let us consider spherically-symmetric compound region 

into the spherically-symmetric space-time V^'^\ where D^'^ are exterior and interior regions 

(3) 

separated from each other by spherically-symmetric time- like hypersurface . By using 
the curvature coordinates we can choose common in spatial, spherical coordinates 

{r, 6, a}, and individual time coordinates t± for D'^^ respectively. Then the world sheet for 
the shell respectively the interior and exterior coordinates is determined by the equations 
r = R-{t-) and r = i?+(t+). Under appropriate choice of t± we have i?_(t_) = -R+(t+). 
Thus, the interior and exterior regions are determined by the relations 

= {t_, r, 9, a : To <r < R-{t_)}, = {t+, r, 9, a : R+{t+) < r < 00} 

for all {9,a} E {0 < 9 < TT, < a < 27r, } and for all admissible t±. The particles of the 
shell are described by one collective dynamical coordinate R = R±{t±) and by the two fixed 
individual (Lagrange) angular coordinates 9 and a. The minimal value of tq is limited by 
the domain of definition of the curvature coordinates. 

The gravitational fields into the regions D^£^ are given by the metrics 

(4)^4 ^ f^c'dtl - fgMr^ - r\d9^ + sin' 9da') , (3.1) 

where 
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/.^l-^. (3.2) 

and M± are the Schwarzschild masses (M+ > M_). 

Owing to the spherical symmetry a = cr(t±, R). Therefore the conditions of apphcabihty 
of the modified action ( |2.62D are satisfied. In this case we have 

d^m = a(PVL = aR^ sin OdOda , (3.3) 
Undx"" = ap{t±, R)dt± + UR{t±, R)dR . (3.4) 



Using the gauge condition UR{t±,r) = 0, the action (|2.62|) can be written in the form 

/± J crR^sinedOda J {^^^^ ds T apdt) . (3.5) 

5(2) 7± 

Since the particles move only radially {9 = const, (p = const) we shall use the truncate 
interval 

(2)^4 = Uc^dtl - f^^dR" . (3.6) 
Further, from the formula (p.59|) it follows 

1 dip 

4^^ = 2^ = as ' ^'-^^ 
where m = AiraR? is the rest mass of the shell. Hence, up to an additive constant, one finds 



Finally, integrating in ( |3.5| ) over the angles 9 and a and making use of ( p.6| ) and ( |3.8| ), the 
effective action of the shell can be expressed in the form 

7± 7± 

where 



Lf, = -mc'^U - f±Rt±/c^ ± U (3.10) 

are the Lagrangians of the dust shell with respect stationary observes into the regions 
D^l^ , {Rt± = dR/dt±), and 

= (3.11) 

2R ^ ' 

is the effective potential energy of the gravitational self-action of the shell. It is important 
that the self-action ( |3.11| ) has the same form as that in the Newtonian theory (formula ( |U12| ) 
in Appendix C). The Lagrangians ( p.lOp themselves can be obtained from the corresponding 
Newtonian analogs (see Appendix C, formulas ( |C13|) and (|C14|) ) by the formal replacement 
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of the first and second terms describing the kinetic and potential energies of the shell into the 
external field by their general relativistic analog, the geodesic Lagrangian — mc ^'^^ds±/ dt±. It 
is natural that the Lagrangians ( pi3| ), ( pi4| ), up to an additive constant, are the Newtonian 
limits of the relativistic Lagrangians (|3.10|) . 

It is easy to see that the actions ( p.9|) transform each into other under the discrete gauge 
transformation 



M±^M^ (/±^/t), ^- t±-^t 



This transformation generalize the corresponding transformation of the Newtonian theory 
of shells (see Appendix C) and reduce to the transformation from the interior observer to 
the exterior one and otherwise. 

Note, that despite the equivalence of the actions J^, similar to Newtonian case ( |C13| ), 



141) , they can be considered quite independently. We also can consider the regions 



together with the corresponding gravitational fields ( |3.1| ) separately and independently, as 
manifolds with the edge . The edges S^j. acquire the physical meaning of different faces 
of the shell with the world sheet Sp"*, provided the regions D^f^ are joined along these edges 
T,[^ . This can be performed only if the conditions of isometry of the edges Ti[^ are satisfied 

f+c^dtl - f^^dR^ = f^c^dti - fZ^dR^ = c^dr"^ , (3.12) 

where r is the proper time of the shell. In addition we have Tjf^ = = Sp'', 7+(t+) = 
7-(^+) = 7- 

Now we study some results following from the isometry conditions of the edges. First, 
we obtain the relations between the velocities 



R^ - f^^V - '""^^^ R- - f^^V - rs 141 



Then from the Lagrangians L^^ (|3.10|) one finds the momenta and Hamiltonians of the shell 



"^"^^^ -"^-i?., (3.15) 



Hf^ = ^ ^^'^^ tU = mc'fj^ T U (3.16) 



or 



afh = cV/±Kc2 + /±P^) tU = mc'^f^ + Rl/c^ tU = E±, (3.17) 

where E± are the energies of the shell which are conjugated to the time t± respectively and 
conserve with respect to the corresponding interior or exterior stationary observers' point 
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of view. After elimination of velocity Rr from ( p.l5| ) and (|3.17|) , the isometry conditions of 
the edges can be expressed in the form 



/+P+ = /_P_, (3.18) 
(E_ -Uf - m^c^f^ = {E+ + Uf - m^c^U ■ (3-19) 



Substituting U and f± from ( |3.2| ) and ( p.ll[ ) for those in the last relation and equating the 
coefficients at the same power of R we obtain the relations between the Hamiltonian if^ 
and the Schwarzschild masses M± 

HX = H;, = (M+ - = E . (3.20) 

Here E = E± is the full energy of the shell. This energy is conjugated to the coordinate time 
t+ and t_ as well, and does not depend on the position of the stationary observer (inside or 
outside the shell). We shall interpret the relations ( p.l8| ) and ( |3.20|) following from the above 



independent consideration of the shell faces, as momentum and Hamiltonian constraints. 
The Lagrangians Lfj^ ( p.lO|) , as well as the relations (|3.13|) - (|3.20|) , are valid only in a 



limited domain, since the used curvature coordinates are valid outside the event horizon only. 
Therefore L~f^ can be used when R > 2^M_/c^, and when R > 2^Mj^/c^ (M+ > M_). 

As is known, the complete description of the shells can be performed in the Kruskal- 
Szekeres coordinates. With respect to these coordinates the full Schwarzschild geometry 
consists of the four regions i?"*", T~, R~,T~^, detached by the event horizons. Our above 
consideration concerned with the R'^ region only. 

Supposing r to be a time coordinate, we can formally use the action in the form ( p.9|) 
under the horizon. However, here we encounter the ambiguity when choosing the sign 
before ^"^^ds. It is usually ascribed to ambiguity of the radial component direction of the 
unit normal to Sp"*. The point is that in the curvature coordinates the regions T~ and T"*" 
coincide. Hence the time singularity r = contains the two singularities: past singularity 
and future singularity. Therefore, for instance, the movement of a test particle with the 
energy E = consists of the two stages. At the first stage the particle begins to move 
into the expanding region T"*" from the past singularity r = and reaches the horizon at 
a moment when r reaches 2'-yM/c^. Then it goes over into the contracting T~ region and 
moves from the horizon to the future singularity r = 0. In the coordinates {r, t}, where r is 
the time coordinate, the latter stage looks like the movement directed backwards in time. 

Similarly, in the curvature coordinates the regions R~ and R^ of the Kruskal-Szekeres 
diagram coincide and ordinary movement of particles into the future of the i?~-region looks 
as the movement directed backwards in time which corresponds to the change ds — > —ds. It 
means that ordinary particles moving into the i?~-region are mapped into the i?"'"-region as 
antiparticles (remember the Feynman's interpretation of antiparticles as ordinary particles 
moving backwards in time). Such trajectories can be taken into account by the change of 
the sign before mc ^'^^ds± in the expression for the action ( |3.9| ) of the shell. 

In order to use simplicity and convenience of the curvature coordinates and, at the same 
time, to keep information about shells into the i?~-region we introduce an auxiliary discrete 
variable £ = ±1 and make a change ^^•'c?s± e± '^'^'^ds± in (3^). Herewith e± = 1 



correspond to the shell into the i?"'"-region, and e± = —1 to the shell into the R -region. 
Then, we introduce the quantities ^± = e±m. As a result the extended action has the form 
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4(/^±) = IJ Lfdf^±)dt\± = -\j (/ic (^)rfs T U^dt 



l± 



(3.21) 



7± 



7± 



where 



(3.22) 



are the generahzed Lagrangians describing the shell inside any of the i?^-regions with respect 
to the curvature coordinates of the interior or exterior regions. The event 

horizons Rg = 2'yM±/c'^ are, still, singular points of the dynamical systems ( p. 211 ) and must 
be excluded from consideration. 

For the extended system ( p. 211 ) the Hamiltonian has the form 



(/i±) = ce±Jf±{m^c^ + /±P|) tU = fi±c'Jf± + R^/c^ T U 



(3.23) 



Hence, taking into account the Hamiltonian constraints ( |3.20D one finds the standard re- 
lations of the theory of dust spherical shells |1|. We shall rewrite them in terms of new 
designations 



^iJf^ + Rl/c^-^l^JU + Rl|c 



7/^ 
Rc^ ' 

fiJf, + Rl/c^ + fi+Ju + R^/c^ = 2(M+ - M_ 



(3.24) 
(3.25) 



In the end of the section we write out the Hamilton- Jacobi equations corresponding to the 
Hamiltonians ( |3.23| ) and to the constraints ( |3.18| ), ( |3.20D for truncated actions 5*^ = Sq{R) 



U 



m 



(3.26) 



UdS^ = f^dS,. 



(3.27) 



Then, the complete actions are determined by the formula = — c^(M+ — M-)t± + 5*0 



IV. PARTICULAR CASES OF SPHERICAL DUST CONFIGURATIONS 

• Self-gravitating dust shell. In this case M_ = 0. Denote M+ = M and consider 
the shell moving into the i?+-region. Then with respect to the exterior coordinates, the 
Lagrangian and the Hamiltonian of the shell have the form 
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The same shell with respect to the interior coordinates is described by the Lagrangian and 
the Hamiltonian 



L:H = -m^^|l-m-/c^ + ^-^. (4.3) 



H;, = c^m^c^ + P^_-^-^. (4.4) 

This Hamiltonian was considered in the works 0, 0. The dynamical systems with 
obey momentum and Hamiltonian constraints P_ = f+P+, Hfy^ = H~f^ = Mc^ and they are 
canonically equivalent (see Appendix B). 

• The dust shell with vanishing full energy. Now we consider the shell for which 
the binding energy Ei, = (m + M_ — M+)c^ coincides with the rest energy mc^. Denote 
M+ = M_ = M, /+ = /_ = / = 1 - t+ =t_ = t. Then for the full energy we 

have E = 0. This is possible, as it follows from ( |3.24| ), ( p.25| ), only when /i+ = — /i_ < 0, i.e. 
for the wormhole. Such a shell can be considered as a classical model for "zeroth oscillations" 
of dust matter with bare mass m under the gravitational field with / = 1 — 2'yM/c^R. 

In terms {t, R} the trajectories of "zeroth oscillations" are determined by the equation 



dt 7m \ c^R 
Hence for the turning radius we have 



Rm = ^,iM + ^M+^ 1 . (4.6) 
In the case of the fiat space when M = 0, from ( |4.5| )and ( ^.6| ) we find 



The equations of motion of such "zeroth" shells coincide with those for the oscillator 

'^'^+u;'R = 0. (4.8) 



Its oscillations R(t) = RmQCOsuit — to) occur with the amplitude Rmo and frequency uj = 
c/Rmo = I'-jm. Hence we find the time of life of these shells into the fiat space-time as a 
half-period of the oscillation 

T = - = -V = -^mo • (4.9) 
For the shell with mass equal to the mass of the Earth we have Rg = 2'-fM/c'^ ~ 4cm, 



Rmo = Rg/4: — 1cm, T ~ 10 ^^c. For the shells with Planck's mass m = rripi = Jhc/j the 



time of life equals T = TTTpi/2, where Tpi = Jh'y/c^ is Planck's time. We underline, that 
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the "zero" shells are characterized by that their gravitational binding energy completely 
compensate proper energy, leaving their total energy to be equal to zero. These shells can 



be thought of as a classical prototype of the Wheeler's space-time foam . 

• The set of concentric dust shells. Now, consider briefly configurations consisting 
from the set of N concentric dust shells. Let Ra, rria, Ta be the radius, bare mass and 
proper time of an a-th shell, respectively (a = 1,2,...,A^). For simplicity we suppose that 
Ra > Rb a d > b. Then let Ma be the Schwarzschild mass determining the gravitational 
field /a = 1 — 2'yMa/c^r on the right side of an a-th shell, into the region Ra < r < Ra+i- 
Suppose /- = 1 - 2jMa.i/c^Ra and / + = 1 - 2^Ma/c^Ra. Let P± = niadRa/ f^dra be 
momenta of a-th shell, and Ujf^^ = —'jm'^/2Ra be its potential energy of the self-action. 
Then 



= cet^f^ {mlc^ + f^{P^Y) T Ua (4.10) 

is the Hamiltonians of an a-th shell. They, similarly to momenta P^, are considered from 
the stationary observers' points of view, into the interior Ra-i < r < Ra and exterior Ra < 
r < Ra+i, regions respectively. They satisfy the momentum and Hamiltonian constraints 

f^P^ = fa Pa , H: = = (Ma - Ma-l)^ . (4.11) 

Now we are ready to determine the full Hamiltonian of this configuration 

N 

H^ = Y.Ht. (4.12) 

a=l 

For the self-gravitating configuration Mq = 0. Then Hf = M^c^ and the full Hamiltonian 
of the configuration satisfies the constrain 

Hn = Mc^. (4.13) 

Here M = Mn is the Schwarzschild mass of the configuration. The system admits the 
discrete gauge transformations 

Ma^Ma-U Ua^-Ua, ta ^ ta-l (a = 1, 2, . . . , A^) , 

where ta is coordinate time determined on the right from an a-th shell. The choice of 
sides (left or right) of the shells is not fixed beforehand and can be made by the reason of 
convenience. 
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APPENDIX A: TRANSFORMATIONS OF THE SURFACE EQUATIONS 



We show that the surface equations ( ^.261 ) reduce to the known equations for the jumps 



of the extrinsic curvature tensor on the shell 



First, we shall calculate ?7.^[a;'^l. 



We suppose that the following conditions are satisfied on the hypersurface S 

K] = 0, [n,AK = 0, [n%]K = 0, [9,uAK = • 

Hence it follows 

[r^:JW^ = o. 

Then from the definition (p.l5|) one finds 



(3) 



[TUn.h'^p = [Kap] , KuKh^'' = [K] , 



(Al) 



(A2) 



(A3) 
(A4) 
(A5) 



According to ( pi2| ) we find 



Therefore, making use of Eq. (|A4|) and ( |A5| ) we obtain the sought result (|2.14|) . 

Then, projecting the equation ( ^.2(j| ) into the hypersurface and into the normal 
one finds 







1 



Using the definitions ( |2.27| ) and Eqs. ([A2|)-([7^) we obtain 



pal 2 I p^J■i ' 2 L cr/Jj 



(A6) 
(A7) 

(A8) 

(A9) 
(AlO) 



Thus the equation (^) is satisfied identically, and the equations (^) yield the sought 



relations (|2.28 



APPENDIX B: ON THE CANONICAL EQUIVALENCE OF THE ACTIONS 

FOR THE DUST SPHERICAL SHELL 

In order to show the canonical equivalence of the actions in the extended phase space 
we write the variational principle (|3.9| ) in the form 
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5/± = sj {P±dR - H±dt±) = , (Bl) 

where 

P± = ^^{H^±Ur-m^c^U. (B2) 
w ± 

The dynamical systems with the actions are restricted by momentum and Hamiltonian 
constraints ( |3.18| ) and ( |3.20| ), which follow from the independent consideration of the faces 
of the shell. 

The systems will be canonically equivalent in the extended phase space of variables 
{P±, R, t±}, if 

dlX = dl;, + dF, (B3) 

or 

P+dR - H+dt+ = P_dR - H_dt_ + dF, (B4) 

where F = F{R,t^,t^) is the generating function of the canonical transformation {P^ = 
P+{P.,t.,R), U = U{P-,t_,R)}. From (El) we find 



dF dF dF 

Using these relations the constraints ( |3.18 ) and ( p.20| ) can be rewritten in the following way 

dt+ dt- ' dR \ f+J ^ ^ 

From here we find 

F = E{t.-U) + a{R,E), (B7) 

where 

I rf I 1 



a{R, E) = -J\^—-—j ^{E±Uy - m^c^f^ dR . (B8) 

The expression under the radical is invariant with respect to the replacement f± —* f^, U ^ 
-U. 

Then differentiating the expression ( p7|) over E one finds the relation between t+ and t- 



dF da 



where the constant a cab be omitted. Thus, the transformations 

, _ . , aa(R,E) 



P+ - P-+ QR , 



da{R,E) 
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(BIO) 



are the sought canonical transformations of the extended phase space {P±, H±, R, t±} of the 
system. Herewith, the corresponding presymplectic form 

dP+ AdR-dEA dt+ = dP_ AdR-dE A dt_ (Bll) 

is invariant under these transformations. 

The difference of the shell actions, which are considered from the point of view of the exte- 
rior and interior observers, up to an additive constant is /^(-R, /^(-R, t-) = F{R, t+, 
where F = F{R,t^,t^) is the generating function, is calculated by the elimination of the 
energy E from the relations ( [B7| ) and (|B9|). 



APPENDIX C: NON-RELATIVISTIC DUST SHELL 



Let us consider an infinitely thin dust layer in the Euclidean space R^^^ in the form of 
the closed surface moving in its own Newtonian gravitational field if = (p{r). The full 
action for this configuration has the form 



t2 



(TV) 



Hot 



dt 



St 



—av' 
2 



a^] d'f 



(Vifif dV 



D-UD+ 



(CI) 



Here {ti < t < ^2) is a one-parameter family of the closed surfaces, D_ and are 
interior and exterior regions of the shell at a moment t, d^ f is the surface element on Sj, 
dV is the volume element in R^, v is the velocity of particles of the shell, V is the nabla 
operator, a is surface mass density of dust on Sf . By virtue of the mass conservation law the 
value dm = ad'^f conserves along the stream tube and in case of dust can be considered as 
a stationary value under arbitrary variations. Note also, that, we require that the potential 
if be continuous, and, together with all its derivatives, vanish at infinity. 

The requirement of extremity of the action Slt^t^^ = with respect to everywhere con- 
tinuous variations 6(p, vanishing on infinity, leads to the Laplace equation 



A^{r) =0, reD_UD^ 



(C2) 



with the boundary conditions for normal derivatives of y9 on S^. The latter, for completeness, 
will be written out together with the continuity conditions for (f on 'Ef. 



0, 



'd(f' 


dip 


dip 


.dr] . 


di] 


+ dt] 



AirjcT , f E Tit {t = const) . 



(C3) 



Here d/drj = (n ■ V) is the derivative with respect to the exterior normal n to S^, vector 



n (n = 1) is directed from D_ to D+. The solution of the equations 
potential of a "simple layer" 



-7 



3D is the 



(C4) 



Now we can calculate /Jf^'' on the solutions of the equations (|C^ ), 
the potential p is excluded from the full action ( plf ). Note that owing to 



Thereby, 
we have 
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(V(/9)^ = VlifiVf). This allows to transform the volume integral of ( |C1|) into the surface one 
on the boundaries of the regions D^-. Taking into account the boundary conditions (C3) and 
an asymptotic behaviour of ip, we find the reduced action Itot^\ as the value of the initial 
action on the solution (|C4|) of the equations ( |C2|) and ( |C3| 

r j-n, - T^^ 

^tot \{solutions eg. (C2), (C3)} ~ ^sh 



Here /q*"^'' contains the surface term, which is unessential for further consideration, and 

(TV) _ f ^(N) 



ir' = J Li:' dt (C6) 

is the effective action for the shell with the Lagrangian 

LT = lJ^v'df-U, (C7) 

St 

where 

St St Et 

is the functional of the potential energy of the gravitational self-action of the shell. 

The Lagrangian of the shell in an external gravitational field <^o = V^o(^) has the form 

lT= I {\av' - a^po) df - U . (C9) 



Now consider the spherical non-relativistic dust shell. Let R = R{t) be the radius 
of the spherical shell at a moment t. With respect to the spherical coordinates {r,6,a}, 
we have a = cr{r), d'^f = R{t) sinOdOda, v"^ = R^ = (dR/dt)"^. The mass of the shell is 
m = AnaR^ = const. Potential of the external field Pq on the shell has the value 

where m_ is the total mass of the interior source. The potential cp^j and the self-action 
energy for the shell U prove to be equal 

'^'^^'^^ " \ -im/R{t), r < Rit) ' ^^^^^ 
U = -mp^ = -^^. (C12) 

Replacing the corresponding terms in (|C^) by those of ( P10|) - (|C12|) , we obtain the La- 
grangian of the spherically-symmetric dust shell in Newtonian theory of gravity 

L™=i,„fl= + 2!!^-f/. (C13) 
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A distinctive feature of spherical shell is that the two-valued description of the shell 
dynamic becomes possible with respect to the observer's position. From an interior observer's 
point of view, except for the force of self-action —dU / dR, the shell is effected by the external 
force F_ = —mdip^/dr, which determines an interior gravitational field. This situation 
corresponds to the Lagrangian L^^l, therefore the latter can be interpreted as the Lagrangian 
describing the non-relativistic shell from an interior observer's point of view. 

An exterior observer (r > R{t)) determines the field, judging by the force -F+ = 
—mdip+/dr acting on the shell in the field ip+ = ip- + ip^ = —'jm+/R(t). This field is 
generated by the total mass of the system m+ = m_ + m. If, by making use of this relation, 
we eliminate m_ from we obtain the following Lagrangian 



iS = i"fi^ + ^ + C- (CM) 



^ ' — -niR H 

2 R 

It can be interpreted as the Lagrangian describing the Newtonian shell from an exterior 
observer's point of view. 

In such a way, transformation from an exterior observer to an interior one stipulates 
the discrete transformation m± = m± =p m. Its can be interpreted as both the 

gravitational potential transformation ip± ip^ = ip± ^ 'jm/R and the change of sign of 
the self-action potential f/*^^^ —U^^\ The above two- valued description of spherical shell 
in the Newtonian theory has a formal character. This ambiguity, arising when describing 
spherically-symmetric shell, is a matter of principle in General Relativity. 

Note other feature of the shell, which has non-trivial meaning in General Relativity. 
The Lagrangians L^g/^^ completely and closely determine the motion of boundaries of regions 
D±. That is why they can be thought of as independent systems with their momenta and 
Hamiltonians 

P± = mi?±, H^ = ^-^^tU^ = E^. (C15) 

2m R± 

Here E± are the total energies of these boundaries, u'^'^ = —'^m?/2R± are their potential 
energies of self-action, and R± = R±(t) are the radiuses of the regions' boundary D±. The 
systems ( |U15D describe the same shell provided the regions D± have a common boundary 
R+{t) = R-{t) = R{t) for all moments t. In this case, eliminating the momentum P = 
P+ = P_ from the equations H± = E± one has 

E^ — E_ = (m_|_ — m — m_) . (C16) 

R 

Hence it follows an ordinary equality of energies and the additivity of masses E+ = 
E-, m+ = m — rri-. In General Relativity, a similar but not trivial procedure follows from 
the isometry conditions for the boundaries of the corresponding four-dimensional regions. 
Finally we shall write the corresponding relations for a self-gravitating shell, when m_ = 

0: 

iif = 5mfl= + |^. (C17) 
P = „^. H = ^-|^ = E. (C18) 
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